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ABSTRACT
Motivation: Combinatorial libraries of peptides such as
those displayed on the surface of a bacteriophage particle
have become widely used tools for characterizing protein–
protein and protein–small molecule interactions. The qual-
ity of a library frequently depends on its completeness,
or diversity—the proportion of possible sequences actu-
ally present in the library. The diversity of these libraries is
frequently quoted on the basis of phage titers that provide
little information about their completeness.
Results: Here, an analytical expression for diversity is
introduced and a method for estimating the diversity of a
peptide library from the sequences of a limited number of
the members of the library is demonstrated. The diversities
of a number of computationally constructed and actual
peptide libraries are estimated using this method.
Contact: lmakowski@anl.gov

INTRODUCTION
Phage-displayed peptide libraries are routinely used for
mapping epitopes, identifying peptide ligands, mapping
protein–protein interactions and identifying the specifici-
ties of enzymes (e.g. Rodiet al., 2001). The utility of com-
binatorial libraries is directly dependent on the amino acid
sequence diversity of the library. Numerous investigators
have attempted to analyze the diversity of peptide libraries
but there is, as of yet, no rigorous quantitative way to mea-
sure sequence diversity.

As a surrogate for a true measure of diversity, the
number of independent clones in the library and the
number of copies of each peptide are sometimes quoted as
a measure of library complexity (e.g. Noren and Noren,
2001). Scott and Smith (1990) calculated the probability
of peptides being present in a library of 2.3 × 106

clones assuming Poisson statistics and equal probability
of occurrence for all possible clones. Cwirlaet al. (1990)
recognized that the apparent diversity of a peptide library
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will be limited by the fact that each of the 20 amino
acids is coded for by different numbers of codons. They
further observed that most amino acids occurred at most
positions in their hexapeptide library, leading them to
conclude that viral morphogenesis did not impose severe
constraints on the diversity of their library. The effect of
viral morphogenesis is, in fact, observable and significant
but, consistent with their observations, not severe (Rodi
et al., 2002). Cwirlaet al. (1990) further recognized that
populations of selected peptides exhibited more diversity
at some positions than at others, but did not attempt to
quantitate this observation. DeGraffet al. (1993) carried
out a more extensive analysis of diversity in a phage
displayed library of random decapeptides. They analyzed
the sequence of 52 clones selected at random from a
population of 2× 106 individual clones and demonstrated
that the frequency of amino acid occurrence in this library
had a rough correlation with that expected from the
number of codons corresponding to each amino acid. They
further showed that 250 of the 400 possible dipeptides
were present in the 52 decapeptides selected. Since only
468 dipeptides are included in this limited population,
this observation is not significantly different from that
expected from random sampling.

Each of these analyses was motivated by the need
to measure the diversity (or complexity) of a peptide
library. Although an accurate measure of diversity could
be made by sequencing millions of peptides and recording
the number of times each peptide occurs in the library,
this procedure is experimentally tedious and expensive.
Furthermore, even if it were possible to obtain this amount
of sequence data, no general quantitative measure of
diversity is available to evaluate the relative diversity
values of different libraries.

There are two possible approaches to the definition
of diversity—‘technical diversity’, or completeness,
corresponding to the percentage of possible members
of a population that exist at any copy number within a
population; and ‘functional diversity’, which takes into
account the copy numbers of each distinct member of the
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population (Rodiet al., 2002). In the latter case, if the
copy numbers of the members present in the population
are dramatically different, the diversity is intrinsically
lower. Experiments that utilize limited sequence infor-
mation to estimate peptide population diversity cannot
provide accurate estimates of completeness since very rare
members of the population will inevitably go unsampled.
However, as outlined below, limited sequence information
is capable of estimating the functional diversity of a
peptide library.

Here, we propose an analytical expression for the
diversity of a population of peptides, demonstrate that this
expression is consistent with intuitive expectations for the
properties of population diversity, and provide a means to
calculate the diversity on the basis of a limited number of
peptide sequences. Inherent in this definition for diversity
is the observation that diversity is not simply a measure
of how many peptide sequences exist within a population,
but is also dependent upon the relative abundance of
each peptide within that population. Real phage displayed
peptide populations invariably contain unequal numbers
of different peptides and any useful measure of sequence
diversity must take this into account.

SYSTEMS AND METHODS
A quantitative expression for sequence diversity
Consider the process by which a single member of
a population is selected from that population. If the
population hasN members, each of which is present
in equal abundance, then the probability of any one
member being chosen is(1/N ). If that population cannot,
theoretically, be greater thanN , then we say that the
population has a diversity,d, equal to 1.0. In other words,
all of the theoretically possible members of this population
are equally abundant in the population.

Consider a second population containing equally prob-
able members of half(N/2) of the possible sequences,
but none from the other half. Intuitively, the diversity of
this population is 0.5. In other words, 50% of the theo-
retically possible members are present in equal numbers
in this population. Consider a third population containing
only a single member of theN possible members. The di-
versity of this population is(1/N ). These examples con-
stitute ideal cases in which all members that are present
are present in equal abundance. These are useful initia-
tion points because their diversity is intuitively obvious
and any quantitative expression for diversity must be con-
sistent with these intuitive results. However, an expression
for diversity must also be applicable to peptide popula-
tions in which different members are not equally abundant.

Figure 1 contrasts three populations, each containing at
least a few copies of allN possible members. In popula-
tion 1, all members are present in equal number. In pop-

Fig. 1. Relative abundance of peptides in three hypothetical
populations of peptides. In population 1 all peptides have equal
abundance. In population 2, there is a linear decrease in abundance
throughput the population. In population 3 a relatively small number
of peptides are present at relatively high abundance levels.

ulation 3, a small number of members are present in rel-
atively high abundance. When members of these popula-
tions are drawn at random, the probability of drawing mul-
tiple copies of a specific peptide will be greatest in popu-
lation 3 and lowest in population 1. Consequently, popula-
tion 3 will appear to be less diverse than population 1. This
is true even though both populations have at least a few
members of every possible peptide. These examples sug-
gest three criteria for an acceptable quantitative measure
of sequence diversity: (i) the measure of diversity should
be consistent with the intuitive estimates of diversity made
in the examples outlined above; (ii) for any two popula-
tions with the same ’diversity’, the probability of choosing
the same member twice in random selection from the two
populations should be the same; and (iii) this probability
should be greater in a population with lower diversity than
in a population with higher diversity.

An expression for diversity that fits these criteria is as
follows: For a population in which there is a theoretical
maximum of N possible members, the diversity,d, is
defined as

d = 1/(N�k p2
k ) (1)

where the sum is over all possible members,k, and pk is
the probability of thekth member being selected in any
random selection from the population—a direct measure
of the relative abundance of the peptides. Note that for any
population,�k pk = 1.

Several examples demonstrate that this definition
satisfies the intuitive criteria for simple populations
in which all peptides that are present are present in
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equal numbers. If all possible members are present in
equal numbers (equal probability of being chosen), then
pk = 1/N for all k. The sum in equation (1) is then equal
to N (1/N 2) = (1/N ), andd = 1.0 as expected. If half
(N/2) of the members are present in equal numbers and
the other half are missing, then for half the population,
pk = 2/N , and for the other half,pk = 0. The sum in
equation (1) is then(N/2)(2/N )2 = 2/N , and it follows
thatd = 0.5 (as intuitively expected).

What about the case where all members are present but
half of the members are present at twice the abundance
of the other half? The criterion that�k pk = 1 canbe
used to derive the probabilities of the two subpopulations,
leading to the conclusion that the members of the more
probable half have a probability of selection of(4/3N );
whereas the probability of selection of any one of the
less probable members is(2/3N ). Substituting these
values into equation (1), the diversity of this population is
calculated to be 0.9. This is consistent with the intuition
that this population is less diverse that a population in
which all members are equally abundant but more diverse
than a population in which only half the members are
present. How is it related to a simple population in which
90% of the members are present in equal numbers and the
other 10% are absent? This population also has a diversity
of 0.9. As will be derived below, in a random selection
process, the probability of selecting the same member
twice is the same for these two populations, and, in fact,
for all populations having a diversity of 0.9.

The measure of diversity, as defined in equation (1)
is closely related to the effective number of alleles
introduced by (Kimura and Crow, 1964) and used in
population genetics (Nei, 1987). In that body of the
literature, the effective number of alleles differs from
diversity as defined here only in that it is scaled by library
(population) size.

The probability of selecting the same peptide twice
from a population
Consider an experiment where peptides are selected one
at a time at random from a very large population with
diversity = d. Assume that at some point,m unique
peptides have been chosen. If one more peptide(k) is
selected, the probability,P(match), that this peptide is
exactly identical to one of them unique peptides already
chosen is

P(match) = �k P(peptidek being chosen) ×
P(peptidek already being in the pool)

where the sum is over all possible peptides,k. The first
term in the product ispk the second is (for the case of
mpk � 1) is mpk . Consequently,

P(match) = �k pkmpk = m�k p2
k

Since, from equation (1), �k p2
k = 1/Nd, it follows that

P(match) = m/Nd.

Consequently,P(match) is the same for all populations
with the same diversity,d.

ALGORITHM
Calculating sequence diversity
The expression for diversity in equation (1) is of limited
practical utility because it requires a sum over every
possible peptide in a population. For a 12mer peptide
population, that sum requires the estimation of 4× 1015

probabilities, an impractical operation. This problem can,
however, be readily circumvented for populations in which
the probability of an amino acid occurring at any position
is independent of the identity of amino acids at other
positions:

For a population of peptides, definepi j as the probabil-
ity of amino acidj occurring at positioni in the peptide. If
the occurrence of an amino acid at one position in a pep-
tide is independent of the identity of another amino acid at
another position, then the probability of peptidek occur-
ring is simply the productpk = �i pi j , where the product
is over all positions in the peptide and thepi j reflect the
probability of occurrence of amino acidj at positioni . In
this case, the sum in equation (1) reduces to

�k p2
k = �i (� j p2

i j )

where the sum on the right hand side of this equation is
over all possible amino acids,j , and the product is over
all positions,i . Substituting into equation (1)

d = 1/(N�i (� j p2
i j )). (2)

Generally, the probabilities,pi j , are not known, but can be
estimated from the frequencies,fi j , of occurrence of each
amino acid at each position. For peptidesM amino acids
in length,N = 20M , and:

d = 1/(N�i (� j f 2
i j )) = 1/(20M�i (� j f 2

i j )). (3)

This result is readily demonstrated for simple cases. For
instance, for a complete population of equally probable
peptidesM amino acids in length, all termspi j are equal
to (1/20); and, since there are 20 amino acids,j , the sum
(� j f 2

i j ) is equal to 1/20 for all positions,i . It follows

that the product is equal to(1/20M ). Since there are 20M

possible peptides in a populationM amino acids in length,
the diversity is calculated to be 1.0 as it must be.

Estimating uncertainty in the calculation of
diversity
A second challenge in the calculation of the diversity of
a population is determining the accuracy of the diversity
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estimate based on observed frequencies. As will be
demonstrated below, the direct use of equation (3) leads
to significant underestimate of diversity when less than
about 500 peptide sequences are known. This systematic
error can, however, be corrected by taking into account
the effect of uncertainties in the estimation of peptide
frequencies at each position.

The estimate of frequency of occurrence of amino acid,
j , at any position,i , has, assuming a Poisson distribution,
astandard deviation of (e.g. Bulmer, 1979),

σ( fi j ) = ( fi j (1 − fi j )/npep)
1/2, (4)

wherenpep is the number of peptides used to estimate the
frequencies,fij .

The systematic error in the estimation of diversity given
in equation (3) is due to the fact that diversity involves
a sum over thesquares of the frequencies. Any error in
the frequency (over-estimate or under-estimate) leads to
an overestimate of the sum, and a resultant underestimate
of the diversity.

When errors,ε( fi j ), are present in the estimates of
frequencies,fi j , the estimated diversity is

d = 1/(20M �i [� j ( fi j + ε( fi j ))
2]). (5)

When the square in the denominator is taken, the cross
terms involve both positive and negative errors and will
sum to approximately zero because of the restriction that
� j fi j = 1 assuming that the sign of the error is not
correlated with the magnitude of the frequency. Results
presented in Figures 2 and 3 suggest that this assumption
is justified. Consequently, equation (5) reduces to

d = 1/(20M �i [� j ( f 2
i j + ε2( fi j ))]). (6)

In this equation, the error terms,ε2( fi j ), are all positive
giving rise to a significant underestimate in diversity when
the calculation is based on small numbers of sequences
(less than about 500). Compensation for this effect can
be accomplished bysubtracting the expected error from
the sum in the denominator. Then, the estimate of the
diversity,de, becomes:

de = 1/(20M �i [� j ( f 2
i j − σ 2( fi j ))] (7)

where the error term has been replaced by the divergence.
As will be demonstrated below, this expression provides
reasonable estimates for the diversity of a library when the
sequences of as few as 50 peptides are available.

The propagation of estimated errors in frequencies,fi j ,
through equation (7) can be calculated using standard
formulae to obtain a standard deviation for the estimate
of diversity equal to

σ(de) =

{
2�i

[(
� j f 2

i j σ
2( fi j )

)1/2

� j f 2
i j −� j σ

2( fi j )

]2}1/2

20M�i
(
� j f 2

i j − � jσ 2( fi j )
) . (8)
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Estimated Diversity in a 61 Codon Library

Fig. 2. Comparison of the diversity of a population of 12mer
peptides as calculated from equation (3) using a 61 codon genetic
code (horizontal line corresponding to 0.0606) with estimates of
diversity calculated from different sized populations of peptides
generated by random selection with a 61 codon code. The filled
circles correspond to the diversity estimated using equation (7) after
taking into account systematic errors due to sampling. Error bars
were calculated from equation (8). The open circles correspond to
the same estimates without taking the systematic errors into account.
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Fig. 3. Comparison of the diversity of a population of 12mer
peptides as calculated from equation (3) using a 32 codon genetic
code (horizontal line corresponding to 0.1006) with estimates of
diversity calculated from different sized populations of peptides
generated by random selection with a 32 codon code. The filled
circles correspond to the diversity estimated using equation (7) after
taking into account systematic errors due to sampling. Error bars
were calculated from equation (8). The open circles correspond to
the same estimates without taking the systematic errors into account.
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This provides a measure of the random error in the
estimation of diversity,de, as calculated in equation (7).

IMPLEMENTATION
Diversity of random codon libraries
Construction of peptides through the random selection of
codons from a library of 61 possible codons does not
result in a population with equal frequencies of all possible
amino acids. Three amino acids have six codons; five
have four codons; one has three; nine have two and two
have one codon. These numbers can be used to calculate
frequencies in an infinitely large population, the diversity
of which can be calculated using equation (3). It follows,
that for peptidesM amino acids in length, a population of
peptides constructed through the random selection of a set
of 61 codons has a diversity of (0.7919)M . For a library
of 12mers, for instance, this corresponds to a diversity
of 0.0606. In other words, in random selection from this
library, the probability of selecting the same peptide twice
would be the same as selecting from a 12mer library in
which only 6.06% of all possible peptides are present in
equal proportions.

Populations of 12mers were generated computationally
using random selection from a 61 codon genetic code, and
diversity of these populations was estimated using both
equations (3) and (7). The results of these calculations
are presented in Figure 2. The estimates obtained using
equation (3) are represented by open circles and severely
underestimate the diversity of the population when small
numbers of peptides are used in the calculation. Even
for large subpopulations, these estimates only very slowly
approach the expected value of 0.0606. The estimates
obtained using equation (7), corrected for the effect of
random fluctuations in the observed frequencies are given
by filled circles in this figure, and provide a reasonable
estimate(±0.01) for diversity even when based on as few
as 50 peptides. For numbers of peptides below 50, the
estimates given by equation (7) diverge rapidly.

Similar calculations can be carried out using a 32
codon genetic code (commonly used in the construction
of phage displayed peptide libraries in which a supressor
host allows one termination codon to be translated as a
glutamate). Using this coding, three amino acids have
three codons; six have two codons and 11 have one codon.
From equation (3), the diversity of a library constructed in
this way is (0.8258)M . For a 12mer library, the resulting
diversity is 0.1006. Populations of 12mers were generated
computationally using random selection from a 32 codon
genetic code and diversity was calculated as in the case of
a 61 codon library. The results of these calculations are in
Figure 3, and are very similar to the results for a 61 codon
library, except for the increase in diversity to match that
expected for a 32 codon construction.

Diversity of proteome sequences
The diversity of peptides selected from genomic se-
quences can also be calculated using equation (3) directly
from the relative abundances of amino acids in a genome.
For instance, using the frequencies of occurrences of
amino acids in human andE. coli genomes, the diversities
calculated from equation (3) are (0.850)M and (0.818)M ,
respectively. Note that both genomes exhibit a sequence
diversity in excess of that expected for random selection
from a 61 codon genetic code. That is due to the fact
that the usage of amino acids by either organism is
more uniform than would be expected for random usage
of 61 codons. From the point of view of diversity of
sequence, the more uniform usage of amino acids, the
higher the diversity of sequence.

Diversity of phage displayed peptide libraries
The diversity of peptide libraries displayed on the surface
of phage particles can be estimated from limited sequence
data using equation (7) as was carried out for the
computationally generated libraries in part (A) above.
Table 1 provides a few examples of these calculations. The
diversity per amino acid quoted in the Table provides a
measure of the degree to which the biology of the phage–
host system constrains the sequences of the library. The
p8 libraries are the most constrained, as might be expected
given the rigorous structural and metabolic constraints on
the nature of the inserts allowed near the amino terminus
of p8 (Kishchenkoet al., 1994; Rodi and Makowski,
1997). The NEB 7mer library consists of seven random
amino acids coded by 32 codons and inserted between
a pair of cysteines that normally form a intramolecular
disulfide bond displayed at the amino terminus of the
mature p3 of M13. This library exhibits less censorship
from the biology of the phage–host system than the p8
library as measured by the diversity per amino acid, but
is more censored than the 12mer library which is an
unconstrained library of inserts at the amino terminus of
M13 p3 (also constructed with 32 codons). The relative
diversities of these libraries is as would be expected given
the details of the virus–host system in which they were
constructed. The diversity per amino acid in the 12mer
library approaches that expected for a random library
constructed from a 61 codon code, but is still significantly
less diverse than expected for random selection from a 32
codon code.

DISCUSSION AND CONCLUSION
The method for estimating diversity of peptide populations
outlined here provides a new tool for evaluating the
quality of peptide libraries. The estimation of diversity
for computationally constructed populations of peptides
demonstrates the accuracy of the diversity estimates as
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Table 1.

Source Naa Diversity Diversity per aa* # Peptides

Petrenko 6 0.0750 0.65 108
NEB 7 0.0797 0.70 99
NEB 12 0.0435 0.77 101

Naa is the number of randomized amino acid positions used in the
calculation. Diversity per amino acid refers to the average diversity per
amino acid position where (diversity per amino acid)naais the total library
diversity quoted. # peptides refers to the number of peptides used in the
calculation.
Sources: The Petrenko library is described in Petrenkoet al. (1996) and
amino acid sequences of the members were provided by Dr V.Petrenko. It is
an M13 p8 library in which 8 amino acids were randomized. The first and
last codons were only partially randomized, and were ignored for this
calculation. The remaining 6 amino acids were constructed using a 32
codon genetic code. The NEB libraries refer to libraries commercially
available from New England Biolabs (Ph.D.-c7 and Ph.D.12). Sequences
were obtained as described in Rodiet al. (2002).

defined here. In the case of both libraries where the
diversity of a very large population could be calculated
exactly, the estimates from peptide populations generated
randomly from these populations reflect accurately (within
±1%) the expected diversity. This validates the exact
calculation of diversity as given in equation (3) and the
estimate of diversity given in equation (6).

The results reflect a diversity which, on first reflection,
may seem low. Is it really possible that random selection
of codons would result in populations that behave as
if their diversity were only 6–10%? Consider the fact
that a complete library of 12mers contains 4.096× 1015

members. A library with a diversity of 0.0606 will behave
as though it contains 2.48 × 1014 members in equal
proportions; a library with a diversity of 0.1006 will
behave as though it contains 4.21× 1014 members. These
are still highly complex populations and any selection
from them will have a huge diversity of biochemical and
binding properties.

The diversity calculated here is a reflection of the
diversity of the population from which the peptides have
been selected. It does not speak to the size of the
population from which the peptides have been selected.
For instance, a small library of clones corresponding to
only 104 members could exhibit a diversity representative
of a population much larger than 104. The calculation
cannot estimate the number of independent clones, rather
it reflects the statistical properties of the population from
which the selected peptides have been obtained.

It is interesting to compare the diversities of com-
putationally constructed libraries with those calculated
from the amino acid abundance in the human andE. coli
genomes. As calculated using equation (3), the diversity
of peptide segments of length M selected at random from

the human genome will be approximately (0.85)M , which
equals 0.1421 for 12mers(M = 12). For comparison, the
diversity estimated from equation (7) using 500 12mer
peptides selected at random from the human genome was
0.13. Similar calculations were carried out for theE. coli
genome, resulting in a calculation of diversity equal to
(0.8183)M , or 0.0901 for 12mers. The estimate from a
single population of 500 12mers selected at random from
theE. coli genome was 0.1060.

The diversity of the peptides used in the human genome
is actually greater than those generated at random using
either a 32 or 61 codon scheme. This is because the
frequency distribution of amino acids in the human
genome is closer to being uniform than it would be if it
were generated using random codon selection from either
32 or 61 codons were used. The frequencies of amino
acid occurrences in the human genome actually results in
a more diverse sequence set. Similarly, the frequencies in
theE. coli genome result in a diversity significantly greater
than what would be generated by random selection from a
61 codon library, and nearly as great as what would be
generated from a 32 codon library.

Diversity calculations using the analytical expressions
introduced here can also be made for RNA or DNA
sequences. Since only four bases make up a nucleotide
sequence, reasonable estimates for sequence diversity can
be made using as few as ten sequences.

In addition to estimating the diversity of populations of
peptides or nucleotides as presented here, the diversity
measure introduced here can be used to calculate the
diversity as a function of position within a population
of aligned sequences (Makowski, in preparation). This
approach has significant potential as a quantitative mea-
sure of the relative degree of conservation of positions in
families of proteins, and in coding or non-coding regions
of genomes.
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