Vol. 20 no. 17 2004, pages 3221-3235
doi: 10.1093/bioinformatics/bth389

DNA array data

E £
o
1101%

e

A model-based optimization framework for the
inference on gene regulatory networks from

Reuben Thomas', Sanjay Mehrotra’, Eleftherios T. Papoutsakis®

and Vassily Hatzimanikatis®: *

"Department of Industrial Engineering and Management Science and ¢Department of
Chemical and Biological Engineering, 2145 Sheridan Road, E136, Northwestern
University, Evanston, IL 60208-3120, USA

Received on March 8, 2004; revised on April 30, 2004; accepted on June 22, 2004
Advance Access publication July 9, 2004

ABSTRACT

Motivation: Identification of the regulatory structures in
genetic networks and the formulation of mechanistic models in
the form of wiring diagrams is one of the significant objectives
of expression profiling using DNA microarray technologies and
it requires the development and application of identification
frameworks.

Results: We have developed a novel optimization frame-
work for identifying regulation in a genetic network using the
S-system modeling formalism. We show that balance equa-
tions on both mRNA and protein species led to a formulation
suitable for analyzing DNA-microarray data whereby protein
concentrations have been eliminated and only mRNA relat-
ive concentrations are retained. Using this formulation, we
examined if it is possible to infer a set of possible genetic
regulatory networks consistent with observed mRNA expres-
sion patterns. Two origins of changes in mRNA expression
patterns were considered. One derives from changes in the
biophysical properties of the system that alter the molecular-
interaction kinetics and/or message stability. The second is
due to gene knock-outs. We reduced the identification problem
to an optimization problem (of the so-called mixed-integer non-
linear programming class) and we developed an algorithmic
procedure for solving this optimization problem. Using simu-
lated data generated by our mathematical model, we show
that our method can actually find the regulatory network from
which the data were generated. We also show that the num-
ber of possible alternate genetic regulatory networks depends
on the size of the dataset (i.e. number of experiments), but
this dependence is different for each of the two types of prob-
lems considered, and that a unique solution requires fewer
datasets than previously estimated in the literature. This is the
first method that also allows the identification of every pos-
sible regulatory network that could explain the data, when the
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number of experiments does not allow identification of unique
regulatory structure.

Availability: The implementation of the algorithm in AMPL is
available on request from the authors.

Contact: vassily@northwestern.edu

1 INTRODUCTION

The cell-wide monitoring of gene (Eisen et al., 1998; Tamayo
et al., 1999) and protein expression and interactions (Dezso
et al., 2003; Giot et al., 2003) generate a large amount of
datathat reflect the responses of the genetic/protein networks
to environmental and genetic perturbations. DNA-microarray
(or proteome analysis) data are used to cluster genes or pro-
teins with respect to their similarity to expression changes
compared with a control cellular condition or a ‘global’ or
‘reference’ set of transcripts. Clustering of expression pro-
files of unknown genes with genes of known functions may
provide information regarding their function (Eisen et al.,
1998; lyer etal., 1999; Sorlieetal., 2001; Tamayoetal ., 1999).
Ultimately, however, it is anticipated that DNA-microarray
and proteome data will be used to construct genetic or pro-
tein interaction networks either between individual genes or
groups of genes (clusters) generated by one of the cluster-
ing methods. Thus, more sophisticated analysis of large-scale
transcriptional and proteome data will require model-based
identification methods in order to infer possible regulatory
architectures in agenetic or protein network.

A genetic network model aims to capture the interre-
|ated regulatory mechanisms between genes. Several genetic
network models have been proposed, which integrate bio-
chemical pathway information and expression data to trace
genetic regulatory interactions (Akutsu et al., 2000; Dasika
et al., 2004; Di Bernardo et al., 2004; Ideker et al., 2001;
Lin et al., 2003; Maki et al., 2001; Moriyama et al., 1999;
Nodaet al., 1998; Wu et al., 2004). They range from abstract
Bool ean descriptionsto detailed mechanistic modelsto neural
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network models(Bower and Bolouri, 2001; D’ Haeseleer etal .,
2000). Every representation has its advantages and limita-
tions. Some of these models have been used for the reverse
engineering of the regulatory interactions of the network,
i.e. the inference of the regulatory interactions between the
expression of the genes in the network and their product
proteins from mRNA profiles.

One of thefirst approaches to reverse engineering agenetic
network based on theinformation of mMRNA profilesemployed
a Boolean modeling framework (Somogyi et al., 1997).
Boolean networks model the state of the gene as either ON
or OFF and the input—output relationships are postulated as
logical functions. Further improvementsof the Bool ean-based
frameworks introduced Mutua Information. (Liang et al.,
1998) and an entropy-based approach (Ideker et al., 2000)
in order to identify the experiments required for the discrim-
ination between alternate genetic networks predicted by these
frameworks. Rigorous analysis has | ed to the identification of
the number of experiments required for identification of the
Boolean model that is consistent with the data (Akutsu et al.,
2000; Somogyi et al., 1997). However, in rea systems, tran-
script levelsvary in acontinuous manner implying that the key
assumptions underlying Boolean network models may not be
appropriate, and thus, more general models may be necessary
(de Jong, 2002).

Several continuous modeling frameworks have also been
proposed, and they employ linear models (Chen et al., 1999;
D’Haeseleer et al., 1999; Di Bernardo et al., 2004; Weaver
et al., 1999; Wu et al., 2004), hybrid Boolean and power law
models (Akutsu et al., 2000) and Bayesian model s (Friedman
et al., 2000). Dasika et al. (2004) developed a linear model
for inferring time delay in genetic networks. However, linear
models cannot capture the inherent non-linearities of bio-
logical systems. A possible approach then is to use the
S-system framework whereby the non-linearity of geneticreg-
ulation can be reasonably captured (Hlavacek and Savageau,
1992; Lin et al., 2003; Maki et al., 2001; Savageau, 1983,
1988).

In this paper, we propose an optimization framework for
the identification of regulation in a genetic network using the
S-system modeling formalism. Specifically, we areinterested
in whether we can infer a set of possible genetic regulatory
networks that are consistent with observed expression pat-
terns. The data that will be used to identify the network are
obtained from the simulation of a model of a gene network,
which corresponds to data obtained from DNA-microarray
experiments. We specifically consider two cases of changes
inthemMRNA expression patterns. Oneisdueto thechangesin
biophysical properties of the system that alter the molecular-
Kinetic constants and/or message stability. The second is due
to knock-out experiments, whereby genes are removed from
the system. We reduce the identification problemsto optimiz-
ation problemsand we describe the a gorithmic procedure that
has been developed for solving the optimization problems.

Weinvestigated thefollowing two questionsassociated with
the capabilities of the proposed method:

o Does the method actually find the regulatory network
from which the data were generated?

o How does the number of possible aternate genetic regu-
latory networks depend on the size of the dataset, i.e.
number of experiments?

Anunderstanding of theseissueswould enabl e better design
of experiments for data collection in order to infer meaning-
ful genetic networks. Thisis a systematic study that provides
specific evaluation of the use of continuous, S-systems mod-
els for the inference of genetic regulatory networks and a
broader understanding of the rel ationship between the number
of experiments and the model size or complexity.

2 METHODS
2.1 Ssystem modeling of genetic networks

M athematical modeling of geneand protein expression begins
with the formulation of the mass-balance equations for the
mMRNA and protein corresponding to any genei:

dmM;
F = Vsm,i - Vdm,ir
1
dp;
E = pr,i - Vdp,iy

where M; and P; denote the concentrations of mRNA and
protein, respectively; Vs, ; and V;, ; denotethe synthesisrates
of mRNA and protein, respectively; and V., ; and V,, ; denote
the degradation rates of MRNA and protein, respectively.

In the most common formalism of S-systems, and in most
mathematical models of genetic networks, the degradation
rates of MRNA and protein are assumed to be first order with
respect to the corresponding species:

Vami = Bi - M;

2
Vap,i =6 - Py,

where the first-order degradation constants, 8 and §, are
inversely proportional to the haf-life of the corresponding
Species.

The kinetics of protein synthesis rate is also considered to
be first order with respect to mRNA concentration:

Vipi = Vi - M;, (3

where y; is a rate constant that quantifies the trandation
efficiency.

The power of the S-systems representation lies in its abil-
ity to describe the non-linearities involved in transcriptional
regulation by assuming that the mRNA synthesisratesfollow
power-law kinetics with respect to the concentration of the
protein species that regulate the synthesis of the correspond-
ing MRNA species. For example, if the synthesis of mRNA
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for speciesi isinduced by protein species j and it isrepressed
by protein species k, the corresponding transcription rate can
be written as follows:

Vim,i = o - P;ij : Pkglk’ (4)

where the exponents, ¢;; and &, capture the non-linearities
of the regulatory mechanism. A positivevaluefor s;; captures
the inducer activity of P;. Similarly, a negative value for s;
captures the repressor activity of Py. In addition, the values
of the rate constants, «;, quantify the strength of the regulat-
ory interactionsin the genetic network since they quantify the
transcription efficiency of the active complexes of the regul at-
ory proteins with the corresponding regulatory regions. The
higher their value is, the stronger the effect of changesin the
levelsof theregulatory proteins on the transcription efficiency
of the target genesis.

The choice of the value of the exponents in the power-law
representation depends on how well it approximates the non-
linear aspects of the corresponding regulatory mechanisms.
Choosing a value for the exponent allows the description of
the differential effects of distinct genes on each other as the
first derivative of the power-law representation depends on
the concentration of the corresponding protein and it is not
constant.

M ost of the mechanismsintheregul ation of geneexpression
follow hyperbolic, saturation kinetics of the form:

P; K
— and Vg, o — Kk (5)
K;+ P; Ky + Py

Vsm,i X
for the inducer and the repressor, respectively. Voit and
Savageau (1987) have studied in detail how many common
biochemical rate laws, including the ones in Equation (5),
could be most accurately approximate by using power-
law expression. Following their analysis, we argue in the
Appendix 1 that the best choices for approximating the non-
linear expression of Equation (5) are thefollowing power-law
expressions:

Vim,i & PJQ'S and Vim,i & Pk_o'S (6)

for the inducer and the repressor, respectively. Although
more complex mechanisms and mathematical representations
are possible, the S-systems formalism provides a substantial
improvement with respect to linear models and is a minimal
representation of complex, multiparametric rate expressions
(Hlavacek and Savageau, 1998; Savageau, 1991).

2.2 Prototype system

Wewill consider hereasimple network of threegenes(Fig. 1).
Using the S-system formalism, the mass balances for the

Fig. 1. Graph representation of the three-gene network. The nodes
of the graph represent the genes. The number on the arc from gene
k to gene j represents how gene k regulates gene j. The sign of this
number indicates whether thisis a positive regulation (induction) or
a negative one (repression). If there is no arc between gene k and
gene j then gene k plays no role in regulating the synthesis of the
mMRNA of genej.

MRNA of each gene and its protein product can be written as:

dM; _ _ P,
— =a1P, 0'5P3 05 _ BiM1, —— = y1M1—51Py,
dr dr
dM> —05 05 P>
“2 = P O0POS _ BoMy, =2 = yoMp — 8P,
g —w2hh B2M> q = reM2— o2k
dMs dP3
ar =a3Pf'5P3O'5—,83M3, dar = y3M3 — d3P3,

()

where M; and P; represent the concentrations of the i-th
mMRNA and protein, respectively. «;, B;, y; and §; are the
Kinetic constants of the respective reactions.

Thefollowing set of assumptionssummarizeswhat hasbeen
already stated and will be used throughout this paper:

(1) A genecannot act asaregulator for morethan acertain
number of genes. Typically, thisnumber would be much
smaller than the total number of genes.

(2) The degradation reactionsfor both the mRNAs and the
proteins follow first-order kinetics.

(3) The protein synthesis rate is a first-order expression
with respect to its corresponding mRNA concen-
tration.

(4) The non-linear relationship between gene expres-
sion and a regulatory protein is approximated by
Equation (6).

At steady-state, using the transformation presented in
Appendix 2, the mass-balance equations of the system are
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reduced to the following three equality equations:

¢1—0.5In(M>2) — 0.5 In(M3) = In (M),
$2 — 0.5 In(M1) + 0.5 In(M2) = In(M>), (8
¢3+05In(M1) + 0.5 In(M3) = In(M3),

where ¢;’ sare expressionsinvolving the kinetic parameters of
MRNA and protein synthesis and degradation (Appendix 2).

This transformation allows expression of the connectivity
of the network in terms of mRNA concentrations eliminating
protein concentrations. This eliminates the need for informa-
tion about protein level swithout ignoring the fact that it isthe
proteinsthat carry out the regul atory actions. The steady-state
assumption isnot very restrictive, asone can easily argue that
in most cases of actua experimental conditions, the pseudo-
steady-state assumption can be readily justified to mMRNA and
protein species so that mRNA profiles from transient batch
experiments can be employed to generate the necessary data
for the identification problem.

2.3 Thephysiological studies under consideration

Analysisof DNA-microarray dataaimsto eventually infer the
genetic regulatory network based on observations of the rel-
ative changes in message abundance between two different
cellular states. These changes can be the result of changes at
the genomelevel, such as point mutations or gene knock outs,
or changes in the environmental conditions, such as changes
in oxygen concentration, pH or nutrient and growth factor
concentration. However, from the biophysical point of view,
these changes can be classified into two groups with respect
to their effect on the system parameters and structure. In one
case, some mutations will affect the efficiency of transcrip-
tion or the half-life of the mRNA and protein. For example,
while regulatory complexes are formed, their effect on the
initiation of transcription is reduced. Such genetic changes,
aswell as some changesin the environmental conditions may
alter the biophysical properties of the regulatory mechanisms
and they will affect the transcriptiona efficiency of the cor-
responding genes. In the other case, some mutations could
result in theloss of binding of the regulatory protein, and they
will ultimately eliminate the corresponding regulatory con-
nection. The extreme example of this caseisthe deletion of a
gene from the genome of the organism in aknock-out experi-
ment. In the first case, when the transcriptional efficiency is
affected dueto genetic or environmental changes, theval uesof
the corresponding kinetic constants, transcription, and trans-
lation efficiency or degradation rate constants, will effectively
change. In the second case, when regulatory connections are
lost or severely weakened, the mass-balance eguations of the
corresponding mRNA and protein will be completely elimin-
ated from the system, or the absolute value of the exponents
of the corresponding proteins will be set close to zero.

Here, for simplicity wewill consider two cases: (1) changes
in the transcription efficiency or half-life of the message or
protein and (2) knock-out experiments. In both cases, the
exponent of the regulatory proteins will remain unchanged,
to an absolute value of 0.5, assuming that the causes of the
changes of the transcriptional profile are not due to changes
in the ability of the regulatory proteinsto bind the DNA regu-
latory regions. We will refer to the first case as a biophysical
perturbation study and to the second case as knock-out study.

2.4 Algorithm development

Although the algorithms developed for the two cases share
some of the underlying concepts, they are also different
due to the basic differences of the mechanistic origins of the
changes in the transcriptional profiles. We will illustrate the
development of these algorithms using the three-gene system
described above.

24.1 Biophysical perturbation study The perturbations
considered here result in changesin the kinetic rate constants
associated with transcription efficiency and message half-life,
the a’s and B’s, respectively. Let superscript ‘0’ denote the
reference steady-state condition of the three-gene network,
and superscripts‘1’ and ‘2’ denote the steady-state conditions
arising from two perturbations in the biophysical properties
of the system. Under these considerations, Equation (8) for
each of the genes could be rewritten as.

1 1 1 1
In (a/’B)(lJ —05In (ﬁf)) —05In <£%> =1In M—é)
(a/B)] M3 M MY
2 2 2 2
In(a/ﬁ)é —O.5In<£%) —05In %%) =In K%)
(Ot/,B)1 MZ M3 Ml
1 1 1 1
In (a/ﬂ)g —05In (%) —05In (%) =In (K%)
(a/,8)2 1 M2 MZ
2 2 2 2
In(a/—ﬁ)g —0.5In (K%]) —0.5In (%) =1In (K%)
(a/B); M M2 M3
(@/B)}

Mj M3 M3
0+0.5In —5 + 0.5In —5 =1In —5
(a/ﬂ)g 1 M3 M3

2
(a/ﬁ)g 40
(a/IB)g

In

In

(11)
Thissystem of equations could be compactly writtenin matrix
notation as:

A+CX =X, (12)
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where

1 2

In (oz/ﬁ)é In (a/ﬂ)é

(o/B)1 (e/B)1

1 2

Az |in@PE @R

(o/B)3 (/B3

In(a/ﬁ)% ln(a/ﬂ)é

@/ (/B3

1 2

In (%) In(%)

Ml Ml

M3 M}
X=1In —5 In —= and (13)

M3 M;

1 2

In (%) In(ﬁg)

M3 M3

0 —-05 -05
C=|-05 05 0 ]. (14)

05 O 0.5

In a common experiment, the unknowns are usually the
elements of the matrices C and A. The element values of
matrix X are obtained from DNA array experiments, or for
our studies here, from the simulation model. If there is no
knowledge about the exact biophysical parameters that are
changing during the perturbation, the problem of inferring
the regulatory connectionsisacomputationally hard problem
(see Discussion section). In the following studies, we make
the assumption that the changes in kinetic constants of the
MRNA synthesisand degradation reactionsareknown. Hence,
we will assume that matrix A is known. Although thisis not
the casein most of the known experimental reports, one could
design such experiments through genetic and environmental
perturbations that will target the expression of specific genes,
similar to the experiments by Ideker et al. (2001) and Gardner
et al. (2003). For the scope of thiswork, anaysisof the system
under these assumptions will provide an understanding on
the performance of the developed methodologies and some
general conclusions about the type of information required in
order to infer meaningful regulatory networks.

2.4.2 Knock-outstudy Theknock-out study involvesinac-
tivating or del eting agenefromthe system. The corresponding
simulation studies involve the removal of the mass balances
of the MRNA and protein, while the other kinetic constants
remain unchanged between the different knock-out systems.
However, eliminating completely a gene from the system
causes numerical problems in simulating this experiment. If
the gene that is being removed negatively regulates another
geneinthe systemthen the synthesisrate of theregulated gene

will tend to be infinity since the concentration of the regu-
lator gene that is removed is raised to a negative power [see
Equation (4)]. To overcome this problem and to ensure that
the expression level of the ‘knocked out’ gene remains close
to zero, we set the kinetic constants corresponding to the syn-
thesisand degradation reactions (of thisgene) to zero. A small
threshold number is added to each of the protein concentra-
tionsin Equation (7). Therefore, the* knocked out’ genewould
till be present at a non-zero but in very small concentration.
For the three-gene system, let the two experiments per-
formed involve the removal of genes 1 and 2, respectively.
The relevant mass-balance equations would then be:
For gene 1,

For gene 3,
m? M1 Mk
05In{—% ) +05In{—3)=In{-2).
Ml M3 M3
M? M?2 M?2
05In| —% ) +05In —% =In —% .
Ml M3 M3

There is no convenient way to write these equations as one
compact matrix eguation. But it should becomeclear later that
whatever technique is used to solve the inference problem of
the biophysical perturbation studies should be able to solve
the inference problem involving the knock-out studies.

(17)

2.5 Optimization model

If our model (of the genetic network) wastrue, then wewould
expect Equation (12) (inthe biophysical perturbation study) to
be satisfied exactly. However, in light of the several assump-
tions that we made including the model itself, there is no
reason to expect that our model represents the actual genetic
network in every detail. There is also the added feature that
there will aways be noise in the data obtained from a real
system. Under these considerations, Equation (12) can be
modified to include these deviations:

R=A+CX—-X=R=A+(C—DX, (18)

where matrix R represents the deviation from exact equality
of the Equation (12), and I is the identity matrix. If R is
the zero matrix, then the mass-bal ance equations are sati sfied.
The closer R isto the zero matrix, the closer Equation (12)
represents the mass-balance equations. Here, we will use the
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Euclidean norm as a measure of the distance of R from the
zero matrix, although other matrix norms could also be used
to quantify this distance.

The problem then is the identification of regulatory net-
works that satisfy the mass-balance equations as closely
as possible. This problem can then be formulated as an
optimization problem as follows:

ProBLEM 1. Given known matrices X and A, find the
matrix C that minimizes matrix R such that

e The elements of C are either —0.5, 0 or 0.5. This cor-
responds to the assumption that a protein can be either
repressor (—0.5) or inducer (0.5) of the same gene, or
there is no regulatory interaction (0).

o Thenumber of non-zero elementsin each row of C isless
than or equal to a fixed number, k. This corresponds to
the assumption that we do not expect a gene to regulate
more than a certain number of genes.

For a general case, we assume that we are dealing with an
n-gene system and that we have transcriptional data from an
[ number of experiments. The problem is then reduced to
determining n? unknowns, the elements of matrix C.

A key observation is that this problem of determining the
best possible values of n? unknowns is equivalent to n prob-
lemswhere in each problem we have n unknowns (variables)
to be determined.

THEOREM 1. Solving Problem 1 (in n? dimensions) is equi-
valent to solving n problems, each of themin n dimensions.

PROOF. See Appendix 3.

The optimization problem for the three-gene network can
be formulated asfollows. LetY = C — I, and yl.T represents
the i-th row of matrix Y. For example, for gene 1

e1-dip1+e2-dipp
e1-diz1+e2-diz2l, (19)

YI =le1-di11+e2-di12—1

where superscript T denotes the transpose of the correspond-
ing vectors and matrices, e; are the possible non-zero values
of the elements of matrix C (e; = 0.5 and e = —0.5) and
d;,j x arebinary variables that can only take values O or 1.

The identification of the value of these binary variablesis
essentially eguivalent to the identification of the regulatory
architecture of the genetic network. For example, if d121 = 1,
then protein product of gene 2 induces mMRNA synthesis of
gene 1, and the binary variable d1 2> is set to 0 since we do
not allow a gene to be both an inducer and a repressor of the
samegene. Similarly, if both dy 31 and d1 32 areequal to zero,
then gene 1 is not subject to regulation by protein product of
gene 3.

Let a] be the first row of the A matrix and || - ||? denotes
the norm of avector as defined before. The objective can then

be stated as
min | X7y, + as)|®. (20)

Therearealsotwo constraintsthat should be satisfied based on
the assumptions of our approach. To ensure that the elements
of y, are only —0.5, 0 or 0.5, the binary variables, d; ; ,
should satisfy the following inequality constraints:

dii1+dip2 <1
dipy+dipp < 1. (21)
di31+diz2 <1

The constraint on the maximum number of regulators would
be described by the following inequality equation:

dig1+diip+dip1+dipo +dizi+dizs <k (22

Similar optimization problemscan bewritten for the other two
rows. However, sincethenumber of experimentsthat would be
performed would typically belessthan the number of genes, it
islikely that we would get alarge number of inferred alternate
genetic networks that result in the same distance of matrix
R from the zero matrix. In order to identify every possible
solution that minimizes the norm of matrix R we add to the
problem an additional constraint on the binary variable for
every previously found solution. If d* isthefirst solution gen-
erated by the the optimization algorithm, we solve again the
problem with the additional following inequality constraint:

dll,l,l ~di11+ dll,l,z ~di11p + dll,z,l ~di1p1 + dll,z,z ~d12
+ d11|3,1 ~d131+ d11|3,2 -d13p < D' —1, (23

where D1 is the number of non-zero binary variables in the
first solution.

11 1 1 1 1 1
D =diy,+di1p+diz1+diz,+dizgs+dizp (24)

In the r-th solution the problem will involve r — 1 additional
constraints of the form:

dﬂll ~d11+ dﬂlz ~d112 + dﬁll ~dip1 + d{}% ~d122
+ d{gll ~di131+ d{glz dizgp < D1 (25)
with
D't =digy+digy it +digh+dig+dig; (26)

and will provide the r-th aternative regulatory network
consistent with the experimental data.

The generalization of the problem formulation for n genes
and [ experiments is straightforward (Appendix 4). The
optimization model for the data from the knock-out studies
will be similar except for minor changes (see Appendix 4).
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2.6 Simulated data

It has been proposed that algorithms developed for the
inference on biological regulatory network inference should
be evaluated with respect to their ability to successfully
recover complex regulatory networksfrom simulated but bio-
logically reasonable data (Smith et al., 2002). An increasing
number of studies is employing the use of simulated data
for the development and evaluation of inference algorithms.
(Gardner et al., 2003; Hartemink et al., 2002; Husmeier,
2003; Mendes et al., 2003; Michaud et al., 2003; Tegner
et al., 2003; Yeung et al., 2002). The optimization model
developed here was evaluated using data from a simu-
lated, randomly generated genetic network modeled using
the S-system formalism. In generating the data, we solve
for the steady-state of the mRNA and protein mass balances
for different values of the biophysical parameters (biophys-
ical perturbation study) or after removal of the mRNA and
protein mass balances of a gene species (knock-out study).
The optimization problemwas solved using the Mixed-I nteger
Nonlinear Programming (MINLP) solver onthe NEOS server
(Czyzyk et al., 1998; Dolan, 2001; Gropp and More, 1997).
The MINLP solver (Fletcher and Leffyer, 1998) employs
the standard Branch and Bound procedure (Nemhauser and
Wolsey, 1988) (for integer programming) using a depth-first
search. The Branch and Bound method in short consists of
developing a solution tree where each node represents an
integer relaxation of theoriginal problem. Asonemovesdown
the tree, more variables are constrained to take integer val ues.
The bounding procedure alows one to implicitly examine;
without actually solving any problem nodes. This procedure
is not polynomial in the size of the problem and in a worse
case could take an exponentially long time.

3 RESULTS

Weinvestigated the relationship between the properties of the
genetic network, such as the number of genes, and the num-
ber and type of experiments required for the identification of
theregulatory architecture of the network. Theoretical consid-
erations suggest that two main properties of the system that
underliethisrelationship arethe number of genesinthesystem
and the maximum number of regul atory inputs per gene. Since
the number of experimentsis usually smaller than the size of
the genetic network, there could exist multiple, aternative
regulatory structures that could explain the data. Therefore,
we also investigated the dependence on the number of altern-
ative regulatory structures on the number of experiments and
on the system properties.

We first performed biophysical perturbation studies. In
these studies, we chose the number of genes, n, we then for-
mulated the corresponding mRNA and protein mass bal ances,
and we randomly assigned regulatory inputs in the various
transcription rate expressions allowing a maximum number,
k, of inputs per gene. In addition, a regulatory protein is not

alowed to be both repressor and inducer for the same gene.
We then used this system to perform simulation experiments
where in each experiment a number, »n, of biophysical para
meters was randomly chosen and their values were perturbed
relative to the reference values. The simulated profile on the
concentration of the mRNAs was used for the calculation of
the expression log-ratios and it constitutes one experimental
dataset. Additional experiments were performed in a similar
way, with a different, randomly chosen set of perturbed bio-
physical parametersfor each experiment. The results of these
studies are summarized in Table 1.

Analysis of theresultsin Table 1 suggests that there exist a
very large number of alternative regulatory networks that can
explain the data when the number of experimentsislessthan
the number of the genes in the network. The set of atern-
ative solutions includes the one used to generate the data.
For systems with the same number of genes and the same
number of allowable regulatory inputs per gene, but with dif-
ferent regulatory structures, we observed different number
of alternative solutions for the same number of experiments.
These observations suggest that the number of the alternative
solutions depends also on the structure of the regulatory net-
work aswell asthe combination of the biophysical parameters
that are responsible for the changesin the expression profiles.
The number of alternative network solutionsrapidly fallsto a
unique solution when the ratio of the number of experiments
to the numbers of genesis about one-half.

These observations could be explained by considering
the structure of the system. The experimental data satisfy
Equation (12) which can be rewritten as:

(C— DX = —A. (27)

Each element in a column of matrix X is the ratio of the
expression profile of a gene from an experiment relative to
the expression profile of the reference system. The number
of multiple alternative solutions could be due to the linear
dependency of the rows in matrix X since linearly depend-
ent expression profiles for the same genes across different
experiments provide redundant information. Since:

X=—(C-D14, (28)

the linear dependence on the expression profiles will be due
to either linear dependence in the set of perturbed biophysical
parameters (i.e. columns of matrix A), or due to the specific
properties of thematrix (C — I) 1. The elements of matrix A
were generated randomly, therefore there is a very low prob-
ability we would expect to get linearly dependent columnsin
this matrix that will give X with linearly dependent columns.
An examination of the data generated indicated that this was
hardly ever the case. Therefore, the linear dependence is due
to the structure of the (C — I)~! matrix.

Matrix C hasaspecific structureinthat all itselementswere
either —0.5, 0 or 0.5. Among the possibilities are, a specific
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Table 1. Biophysical perturbation experiments. The results from experiments on three different networks. n, number of genes in the network; k, maximum number of regulatory inputs per gene; and 7,
number of parameters perturbed in each experiment

Number of experiments

2 3 5 7 10 15 20 25 30 35 40
5 3 1,11 1,11 1,1,1 us us us us us us us us
(0.115) (0.427) (0.8288) (0.954) (0.994) (1) @) @) 6] 6] 1)
10 3 1611 1,21 4,21 1,1,2 21,1 us us us us us us
(0) (0) (0.046) (0.258) (0.629) (0.915) (0.982)  (0.996)  (0.999) (1) (1)
15 5 >10564,>102 >10% 1, >10? 2,14 1,1,16 1,11 1,11 us us us us us
(0) (0) (0.022) 0.2 (0.599) (0.917) (0985  (0.997) (D) 6] 1)
20 5 >107,>10° 64 48, 64,32 >102, 32, 16 41,16 1,16, 4 1,1,1 us us us us us
(0) (0) (1075) (0.0098) (0.1642) (0.6379) (0.8865)  (0.9675)  (0.9909) (0.9975)  (0.9993)
25 5 >108 >10%, >10% =10 8,48, 64 4,>10%, 48 8,8, 96 1, >102,2 us us us us us
(0) (0) (10719 (1075) (0.0147) (0.2729) (0.6439)  (0.8567) (09463)  (0.9804)  (0.9929)
30 5 CNS >10° >108, >10°, >108 >10%,>10% >10° >102 8,8 1,2,32 us us us us us
(0) (0) (0) (1075) 1074 (0.0616) (0.3349) (0.6377) (0.8278)  (0.9229)  (0.9664)
40 10 CNS CNS >108 >108, 103, 2 10,16, 1 4,1,1 1,11 us us us us
(0) (0) (10719 (1075) (0.0231) (0.3873) (0.7728)  (0.9307) (0.9800)  (0.9943)  (0.9984)
50 10 CNS CNS CNS CNS 16,>10%,2 4,2,8 1,81 1,1,1 us us us
(0) (0) (102 (1079 (10~%) (0.0676) (0.3893) (0.7215) (0.8891)  (0.9583)  (0.9846)
60 10 CNS CNS CNS CNS CNS >10%, 64, =108 1,1,1 1,242 1,11 us us
(0) (0) (0) 10717y (1078) (0.0033) (0.1044) (0.3927) (0.6735) (0.8446)  (0.9301)

Numbers in the parentheses denote the expected probability for uniquely identifying the correct structure [cal culated using Equation (31)]. CNS, cannot solve (solver was unable to find a solution) and US, unique solution.
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subset of elements in two rows of (C — I)~! are the same
or are related by a factor of 0.5. For example, consider the
following five-gene network,

—05 05 -05 0 O
O 0O 0 -05 05
c=| 05 05 0o o0 -05|. (29

05 05 O 0 -05
05 O 0 0 0.5

This particular structure is characteristic of systems where
the transcription of more than one gene is regulated by the
same regulatory proteins and with the same type of regulation
(such genes would have similar promoter organization and
binding sites). In prokaryotic systems, thiswould apply to all
genes in an operon. For example, in the above example, the
transcription of both genes 4 and 5 isinduced by genes 1 and
2, and it isrepressed by gene 5.
The matrix (C — I)~1 for this network will then be:

—0.5556 —0.2222 0.5556 0.1111 0.2222
—0.2222 —0.8889 0.2222 0.4444 -1.1111
(C—D~t=]-05556 —0.2222 —1.4444 01111 -1.7778].
—0.1111 —-0.4444 0.1111 -0.7778 0.4444
—0.5556 —0.2222 0.5556 01111 -1.7778
(30)

I n two experiments where the transcription rate constants cor-
responding to genes 1 and 2 only are perturbed, the expression
profiles of genes 1, 3 and 5 will be exactly the same while
changes in genes 2 and 4 will be related by a factor of 0.5.
Examination of the data suggested that thiswasthe case when
multiple solutions were found when the number of experi-
ments was close to half the number of genes. Therefore, we
would be able to identify a unique regulatory mechanism if
either every kinetic constant was perturbed at least once or if
matrix C did not have ‘ special properties'.

The probability of randomly generating a C matrix hav-
ing the specia property appears hard to compute. However,
we can find an expression for the probability that after [
experiments every kinetic constant has been perturbed at least
once, which is equivalent to the probability of identifying
uniquely the correct regulatory structure from [ experiments.
We derived a recursive expression for a lower bound on the
probability that every kinetic constant was perturbed at least
once, when! experimentsare performed on an n-gene network
with 5 kinetic constants being perturbed in each experiment
(see Appendix 5 for derivation of the formula):

P@. /)= Plg-1.f - "L

f
+P@—-1f)=, 1<f=<n g¢g=1
" (31)
P(L f)=0 2=<f=<n

1 (g—1)
P(Cl,l)=<;) y g =1,

4.0
3.5 1
= 3.0 A
El
8 25
® p(g,n) =0.70
2.0 1 A P(g,n) = 0.90
® P(q,n) = 0.99
1.5 T T T
1.0 1.5 2.0 2.5 3.0

loglo( n )

Fig. 2. The number of experiments, /, that guarantees identification
of a unique and correct regulatory structure [within a probability
threshold, P(g,n)]. n, number of genesin the network. ¢ = [ x n;
where [ represents number of experiments and; » is the number of
biophysical parameters perturbed in each experiment.

where P(q,n) is the probability of interest and ¢ is the
product, [ x 7.

Thisresult suggests that, for the same probability of identi-
fying uniquely the correct regulatory structure, the number
of experiments can be reduced if we increase the number of
biophysical parameters perturbed in each experiment. The
simulation results also suggest that as this probability is
increasing, the number of aternative structures identified is
decreasing rapidly. In some cases even though there was a
very low or a zero probability, a unique network was identi-
fied since the estimated probability [Equation (31)] provides
alower bound and the structure of the corresponding matrix
C did not require that every kinetic constant to be perturbed
at least once.

Figure 2 illustrates the dependence of the number of experi-
ments, for afixed number of perturbed biophysical parameters
in each experiment, required to guarantee within a probab-
ility threshold the developed method will identify uniquely
the correct regulatory structure. It appears that the number
of experiments is exponentialy increasing with the number
of the genes in the network. Through linear regression of the
datain Figure 2, we estimated that:

P( x n,n) = A-n* (32

with A ranging between 5.32 [for P(I x n,n) = 0.70] and
2.34 [for P(I x n,n) = 0.99], and « ranging between 1.12
[for P(I x n,n) = 0.70] and 1.18 [for P(I x n,n) = 0.99].
Even with a new mathematical result on the problem for-
mulation we were able to decompose the problem of finding
the pathwaysinto n sub-problems, and reduce the complexity
of working with n? variables to problems with only # integer
variables, all the present state-of-the-art integer programming
solvers used were not able to handle problems for large num-
ber genes (>100) (Table 2). In addition, even for problems
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Table 2. Knock-out experiments. n, number of genes in the network; k, maximum number of regulatory inputs per gene; and US, unique solution

n k Number of experiments
3 5 7 10 15 20 25
5 3 4,1,81 2,1,1 1,1,1 us us us us
10 3 4,1,32 >102, 12, > 102 9,813 1,11 us us us
15 5 >10% >10°, >108 >10°, 18, >10° 32, >10%, 24 54,1,1 1,11 us us
20 5 >107, 108, >10° >107, >105, 24 72, >102, >10°8 32,2,54 6,724 1,11 us
25 5 >107, >108 >108, >10° >10%, >10°, >108 >108, >10?, >10° 1,24 1,>10%,2 1,11

of this size the performance of these solvers was inconsist-
ent; in particular, the performance was very sensitive to the
optimality tolerance set for the solution. When a loose solu-
tion tolerance (10~2) was set, the solver reported solutions as
optimal whichwereclearly not optimal, and it becameincreas-
ingly difficult to find optimal solutions of the problemswhen
atighter tolerance (10~°). This phenomenon of increased dif-
ficulty in solvinginteger programswhen accurate solutionsare
desired iswell known. These results suggest the requirement
for the development of algorithms, tailored to the structure
and the complexity of the generegulatory networksand to the
associated mathematical representations.

We have also performed single-gene knock-out experiments
(see Methods section). We observed that in the mgjority of the
simulation experiments the correct regulatory structure could
be uniquely identified only when the number of experiments
is equal to or greater than the number of genes in the net-
work (Table 2). Thisisdueto the similarity of these studiesto
the previous case studiesin the regime where one biophysical
parameter was perturbed in each experiment. In order to guar-
antee that every biophysical parameter will be perturbed at
least once, in a single-gene knock-out experiment, we should
perform as many knock-out experiments as the number of
genes in the network. Depending on the regulatory structure
of the system, i.e. the structure of the matrix C, and the genes
we knock-out, it would be possible to require a smaller num-
ber of experiments (see cases for n equal to 5 and 10 and
[ equal to 3in Table 2).

4 DISCUSSION

Model-based identification methods allow the identification
of the regulatory interactions in genetic networks based on
MRNA expression data. Since every mathematical model is
an approximation of the real biological system, methods for
the identification of regulatory interactions should allow the
identification of multiple possible regulatory interactions that
are consistent with the experimental data. The framework we
presented hereisbased on S-systemsmodeling of geneexpres-
sion and on advanced optimization methodologies that allow
the identification of multiple regulatory interactions that are
consistent with the experimental data. Our studies focused

on the number and type of experiments required for uniquely
identifying the genetic regul atory network of the system under
study.

Our studies lead to two very important conclusions for
the analysis of DNA array data. We found that if there are
two or more genes whose expression profiles across the dif-
ferent experiments are linearly dependent, any model-based
identification method will fail to identify a unique regulat-
ory structure consistent with the data. This could be the case
for co-regulated genes, as discussed above, or for genes that
appear to be co-regulated within the accuracy of the experi-
mental methods. This finding suggests that in this case we
should cluster the co-regulated genes into a single ‘gene
and study the interactions of this new ‘gene’ in the network.
The identified regulatory connections could then be due to
interactions of single or multiple members of the cluster, and
closer investigation of the elementsin the cluster might help
in refining the regulatory network.

The number of experiments required for uniquely identify-
ing the correct regulatory structure was found to depend both
on the number of genesand the number of simultaneously per-
turbed biophysical parameters in each experiment. We found
that the number of the experiments times the number of the
biophysical parameters perturbed in each experiment should
benearly half of the number of the genesinthe systemin order
to identify a unique regulatory structure. This relationship is
an overestimate with respect to required number of experi-
ments, and fewer experiments might berequired depending on
the structure of the underlying regulatory structure. This res-
ult also suggests that we could decrease the required number
of experimentsiif in each experiment we increase the number
of the biophysical parameters we perturb.

Our studies involved a number of simplified assumptions
and we have a so assumed that the origin and the magnitude
of the perturbation in each experiment are known. This might
be the case in experiments where specific genes are tar-
geted for overexpression or downregulation, or in the case of
knock-out experiments. In the later case, identification of the
regulatory structure based on single-gene knock-out experi-
ments might require the knock-out of every gene. We are
currently investigating the number of experiments required
if we consider two-gene and three-gene knock outs.
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The use of amixed-integer optimization method allow usto
identify every possible regulatory structure that is consistent
with the experimental data. This capability will be extremely
useful for the analysis of real experimental datathat are sub-
ject to experimental noise, and it provides experimentalists
with aternative hypotheses and molecular models that could
be evaluated based on the additional knowledge about the
system and additional experimental studies. In addition, the
method allows us to formulate constraints on the structure of
the system that can enforce known regulatory interactions or
do not allow genesto act asregulatorsif it is known that they
arenot regulatory proteinsfrom experiments such as Chl p-on-
chip [chromatin immunoprecipitation on achip (DNA array)]
(lyer et al., 2001; Molle et al., 2003; Ren et al., 2000).

When the method identified multiple structures, we aso
observed that certain identified regulatory interactions were
common in every alternative structure and they were present
in the system used to generate the experimental data. This
suggests that the regulatory interactions that are common in
the identified alternative structures are highly probable to be
present in the original system. We are currently investigating
the generality and the origins of this result, aswell asif this
result holds when the data are corrupted with noise.
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APPENDIX 1

The analysis presented in this appendix is based on the
S-system methodol ogy for the power-law representation pro-
posed by Savageau and co-workers (Savageau, 1969a,b, 1976;
Savageau and Voit, 1982; Voit and Savaegeau, 1987). We
will consider the case that the transcription rate of a gene
is subject to induction regulation by a protein, P. Under the
common assumption of fast reversible binding of the protein
on the regulatory region of the DNA the transcription rate is
described by the following hyperbolic kinetic expression:

P

Voe =kte - B - ,
tr tr K+ P

(AL1)

where ki is the transcription rate constant, B is the concen-
tration of the protein-binding sites and K is the dissociation
constant of the proteinr-DNA complex.

Taylor expansion of the kinetic expression in Equa-
tion (A1.1) with respect to protein concentration around a
reference state can be written as follows:

Vi
Vtr = Vtr,o+ e

3P | (P — P,)+higher order terms, (A1.2)

o

where subscript ‘o’ denotes the corresponding quantity eval-
uated at the reference state conditions.

Ignoring higher order termsand scaling around thereference
state leads to the following expression:

Ve =Vio _ Po OVie| (P—=P) _ Vir— Vi
Vtr,o Vrr,o oP 0 Po Vtr,a
aInV; P—-P,
_ tr . ( z). (Al3)
alnpP |, P,

For any logarithmic function of variable, y, we can write
for up to first-order approximation the Taylor series around
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Fig. A1l. Comparison of hyperbolic rate expression (Equation A1.1)
with power-law representation derived around different reference
states: P, = 0.5- K (¢ = 0.529, ¢ = 0.667) (dotted line); P, = K
[« = 05, ¢ = 0.5) (dashed line); and P, = 2- K (¢« = 0.529,
& = 0.333) (dash-dotted line).

areference value, y,, asfollows:

InG) = In () + y;y" S (l> _ Y7V (a14

o o o

which suggests that Equation (A1.3) can be rewritten as:
In Vir _ aIn Vi
Viro dlnp
where the superscript * PL’ indicates the power-law kinetics
of the transcription rate with:

P
-|n(F> = VWt =P, (ALS)

Wi dInV;
o = tr,o an 6 = tr
P! alnp

. (A1.6)
o
For the hyperbolic rate expression in Equation (Al.1), the
exponent & can be calculated as a function of the dissociation
constant, K, and the reference protein concentration:

K

_aantr _
, K+P,

T 3InP

(AL7)

The power-law expression in Equation (A1.5) can be used to
approximate the kinetic expression in Equation (A1.1) after
choosing areference state and calculating the corresponding
values for the constant « and the exponent ¢. Figure Al
demonstrates the accuracy of the power-law expression
derived for threedifferent reference states. P, = 0.5- K which
corresponds to o = 0.529 and ¢ = 0.667; P, = K which
correspondstoa = 0.5ande = 0.5; and P, = 2-K whichcor-
respondsto « = 0.529 and ¢ = 0.333. Over awide range of
protein concentration (04 - K) the power-law representation
witha = 0.5 and ¢ = 0.5 is the best non-linear approxima-
tion with an average relative error ((Vir — Vi) /Vir) equal

to —13.34 and SD 18.02. For the other two cases, the relative
errors (SD) are higher: —29.28 (21.13) for « = 0.529 and
e = 0.667, and —14.65 (42.47) for « = 0.529 and ¢ = 0.333.
The above considerations suggest that kinetic expressions
of the form:
P

K+ P

V (AL8)
can be best approximated by a power-law representation of
the form:

vV « PO°. (A1.9)

Similar analysiscould al so show that kinetic expression of the
form:
K

K+ P

V (A1.10)
can be best approximated by a power-law representation of
the form:

V o« P05 (A1.11)

Ingenera, arelatively accurate power-law approximation can
be developed for any type of complex non-linear biochemical
kinetics (Savageau, 1976; Savageau and Voit, 1982; Voit and
Savageau, 1987).

APPENDIX 2

According to this representation, the gene expression syn-
thesis rate can be written as:

n
Vi=e [] P, (A2.1)
j=1

where V is the synthesis rate of gene i, «; is the synthesis
rate constant, P; isthe product protein of gene j which regu-
lates the synthesis of gene i and ¢;; is a power that quantifies
the strength of regulatory interaction of gene i by gene ;.
Similar power-law kinetic expressions can be formulated for
the degradation rates of mRNA, and for the synthesis and
degradation rates of proteins.

Based on the power-law rate expressions Equation (A2.1)
the mass balances for the mRNA of gene i and its protein
product can be written as follows:

dr 1

j= (A2.2)
dp; , .
d—;: ,-M;”—S,-Pf',

where M; and P; arethe concentrations of mRNA and protein
products, respectively, of genei, «, 8, y and § are rate con-
stants, and ¢;;, 0;;, o; and & are constants that quantify the
strength of interactions. The information about the regul atory
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architecture around a genetic network lies in the parameter
values of the exponents ¢;;. Similar to the parameters of the
linear model, a positive (negative) value for the exponent ;;
implies that gene i is induced (repressed) by the product of
gene ;.

This modeling approach captures some of the essential non-
linear featuresof geneexpression and it hasyielded invaluable
insights about the responses and the design principles of

genetic networks.
At steady-state Equation (A2.2) can be solved exactly:

£ ;i
0=o; [T)oy P} = BiM;
0=yM" — 8P

In(; /i) + 3 i—q &ij INCP)) = 6i; In(M).
In(y; /8;) + oi In(M;) = & In(P;).
(A2.3)
We can further express the protein products as a function of
the MRNA and we can rewrite the steady-state mass-balance
equation for the MRNA:

¢+ Y cijIn(M;) = In(M;),

j=1

(A2.4)

where are ¢ and ¢;; are the following combinations of the
original parameters of the system [Equation (A2.3)]:

¢ =In(ei/Bi)/0ii + ) &ij - In(yi/8i)/(6ii - &).
; ! (A2.5)

cij = (&ij - 0i) /(i - &).

We will further assume that the exponents o; and &; in the
protei n mass-bal ance and the exponent 6;; inthe mRNA mass-
balance are positive. These assumptions stem from the fact
that protein synthesis and protein degradation are monotonic-
aly increasing functions of the mRNA (M;) and protein (P;)
concentrations, respectively, and the mRNA degradation rate
isasoamonotonically increasing function of themRNA (M;)
concentration. Under this assumption, the new parametersc;;
have the same sign with the parameters ¢;;, and determine the
regulatory architecture in our genetic network. If protein syn-
thesis, and protein and mRNA degradation and are considered
to befirst-order (o;, & and 6;; equal to 1), asisthe caseinthe
mainstudieshere, c;; isexactly equal tos; ;. Therefore, aposit-
ive (negative) valuefor the parameter ¢;; impliesthat genei is
induced (repressed) by the product of gene j. Thechallengeis
then to estimate the values of ¢;; from measurement of MRNA
expression.

In Equation (A2.4), M; denotes the (absolute) concen-
tration of mMRNA. However, from DNA-array experiments
the available information is about relative concentrations of
MRNA between two states, i.e. ‘ratios. Manipulation of
Equation (A2.4) alows us to use information about relative

concentrations instead of absolute concentration values:
¢i + 3 cijIn(Mj, 1) = In(M;, 1)
¢i + 3 i cijIn(Mj 1) = In(Mj 11)

n n
= > i InM; ) = cijIn(Mj 11)

j=1 j=1

=In(M; ) —In(M; 11)

= ZCU In(Mj;/Mj 1) =In(M;;/M;i1), (A26)
j=1

where I and |1 denote the two different states.

APPENDIX 3

Proof of the theorem. Solving Problem 1 (in n? dimen-
sions) is equivalent to solving n problems, each of them in
n dimensions.

The proof is based on two observations. First the objective
to minimizethe sum of squares of all elements of the R matrix
[Equation (18)] isthe same as minimizing the sum of squares
(taken over al rows of R) of elements of each row. Now the
r-th row of R would only contain terms from the r-th row of
the C matrix. The elements of the r-th column of the C matrix
represent how the r-th gene regulates the other in the system.
The constraint that the r-th gene would not regulate more than
k geneswould involve exactly the n elements of the r-th row.
Hence, we can solve the original problem one gene at atime.

APPENDIX 4

The following isthe general optimization program to determ-
ine the r-th best solution for the r-th problem (corresponding
tothei-thgene, i = 1,2,...,n)

min W7y +a;|® (A4.2)
Subject to:
¥ ;=05d[;,—05d] ,,—1 forj=i,  (A42)
yi;=05d] ;1 —-05d];, forj#i, (A4.3)
dijatdij<1 forj=12..n, (A4.4)
n
Y] +d o) <k, (A4.5)
j=1
n
Dl adl g+ dad)5) < (DP =1
j=1
forb=12...,(r —1), (A46)

n
D" =%, +d’,) forb=12.., (-1,
j=1

(A4.7)

df.dl,€{01) forj=12...n, (A4.8)

i,7,10%i
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where ¢/ isthe transpose of thei-th row of matrix C, and k is
the maximum number of regulatory inputs per gene.

For the ‘Biophysical perturbation studies’, W = X isthe
n x I matrix of log-ratios of the changesin the mRNA concen-
tration and a; is the log-ratio of the change in synthesis rate
of the k-th genein all the I experiments. For the ‘ Knock-out
studies', W = X if the i-th gene was not removed in any of
the [ experiments, else it is the X matrix with the i-th row
removed and the a; vector is the zero vector.

APPENDIX 5

Consider the following situation. A person begins throwing
balls at agroup of n buckets. Each ball (from each throw) has
an equal probability of falling in any of the n buckets. The
problem is to determine the probability that after 4 throws, f
buckets are filled with one or more balls. Define

Ej ¢ : Event of having f buckets full after 4 throws.

D, ; : Event of the g-th throw landing in any of i buckets.
Then by the law of total probability,

P(Epf) = P(Ep—1,-1)P(Dpp—f11)
+ P(Ep—1,7/)P(Dp,f), oOF
- 1
P(Epf) = P(Ep-1,7-1) (%) + P(Ep-1,f) (%) .

(A5.1)

Clearly, the probability of having more than one bucket filled
with one throw should be zero, i.e.

P(E]_’f) =0, f > 2. (A52)
It should also be clear that the probability of having just one
bucket filled after k throws should be given by,

1 (h—1)
P(Ep1) = (;) , h>1

There is an analogy of this situation with that of perturbing
every one of the n kinetic constants in the genetic net-
work, at least once. Each experiment in which n kinetic
constants are randomly chosen can thought of being sim-
ilar to making n throws at the group of n buckets. The
only difference is now that all these n throws fal in dif-
ferent buckets. However between experiments, there can
be overlap of the kinetic constants chosen. Hence [ exper-
iments can thought of as similar to making [ x n throws.
Because of non-overlap within an experiment, the probab-
ilities computed should be a lower bound on the desired
values.

(A5.3)
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