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ABSTRACT
Motivation: Any triplet codon may be regarded as a
12-dimensional fuzzy code. Sufficient information about
a particular sequence may not be available in certain
situations. The investigator will be confronted with im-
precise sequences, yet want to make comparisons of
sequences. Fuzzy polynucleotides can be compared by
using geometrical interpretation of fuzzy sets as points in
a hypercube.
Results: We introduce the space of fuzzy polynucleotides
and a means of measuring dissimilitudes between them.
We establish mathematical principles to measure dissimi-
larities between fuzzy polynucleotides and present several
examples in this metric space.

We calculate the frequencies of the nucleotides at the
three base sites of a codon in the coding sequences
of Escherichia coli K-12 and Mycobacterium tuberculosis
H37Rv, and consider them as points in that fuzzy space.
We compute the distance between the genomes of E.coli
and M.tuberculosis.
Availability: Available on request from the authors.
Contact: amnieto@usc.es

1 MOTIVATION
The Human Genome Project has been regarded as a
major enterprise of science in the 20th century. The
genetic material in our chromosomes is our genome.
Chromosomes are long DNA molecules. The structure of
DNA was discovered by Watson and Crick in 1953. The
authors showed that a DNA molecule is a double helix
consisting of two strands. Each helix is a chain of bases,
chemical units of four types: T, C, A, and G.

The hereditary instructions are written in this four-letter
alphabet, each letter corresponding to one of the chem-
ical constituents of DNA (nitrogen-containing chemicals
termed bases): T (thymine), C (cytosine), A (adenine), and
G (guanine). The sequence of Ts, Cs, As, and Gs are the
recipe for a specific protein. Twenty different amino acids
constitute the building blocks of all proteins. Thus, the ge-
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netic information is encoded digitally, as strings over the
four-letter alphabet, {T, C, A, G}, much as information is
encoded digitally in computers as strings of zeros and ones
(Karp, 2002). The DNA alphabet is {T, C, A, G} , and the
RNA alphabet, {U, C, A , G}, U (uracil).

Computer Science, Statistics, Artificial Intelligence, and
Mathematics help in the management and analysis of the
Human Genome Project’s massive database. For most
of the twentieth century, mathematics played a minor
role in biology and genomics, but its role has expanded
greatly over the last twenty years (Speed, 2002). The
fusion of mathematics and biology will result in a new
era of molecular medicine, when the diagnosis, treatment,
and prevention of disease will be individually oriented
and, therefore, more successful. For general mathematical
aspects of the human genome and genetic analysis we
refer to Ewens (2001), Karp (2002), Lange (2002), Paun
et al. (1998), Percus (2002) and Speed (2002). Further
mathematical contributions, to mention a few, are the
following: A simple mathematical model to evaluate
the efficiency and feasibility of two strategies in DNA
cloning (Tang, 2000), discrepancy of DNA sequences
(Fang and Roberts, 2001), distance on DNA knots (Darcy,
2001), algorithms for the alignment of DNA sequences
(Lee et al., 2002; Lenhof et al., 1999; Morgenstern,
2002), sequence similarities in genomes (Vicens et al.,
2001), sequence distances (Foster et al., 1999; Li et
al., 2001; Liben-Nowell, 2001), or dissimilarity of DNA
sequences (Wu et al., 1997). Further publications in which
mathematics plays a central role are the following: (Alves
and Savageau, 2000; Demetrius et al., 1985; Ferreira et
al., 2002; Goryanin et al., 1999; Jamshidi et al., 2001;
Kargupta, 2001; Lee et al., 2002; Pevzner et al., 2001).

In Sadegh-Zadeh (2000), the author showed that a
polynucleotide can be represented as an ordered fuzzy set.
The genetic code may be considered to be 12 dimensional,
as a triplet codon XYZ has a 3 × 4 = 12-dimensional
fuzzy code (a1, a2, . . . , a12). Thus, it is a point in the
12-dimensional fuzzy polynucleotide space I 12 with
I = [0, 1] ⊂ R.
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Fuzzy logic and fuzzy technology is now frequently
used in bioinformatics. For example, fuzzy logic is
used to increase the flexibility of protein motifs (Chang
and Halgamuge, 2002), and fuzzy adaptive resonance
theory is utilized to analyze experimental expression
data (Tomida et al., 2002). A novel approach to local
reliability of sequence alignments based on a fuzzy recast
of the dynamic programming algorithm is presented in
Schlosshauer and Ohlsson (2002).

2 THE FUZZY HYPERCUBE
Kosko (1992) introduced a geometrical interpretation of
fuzzy sets as points in a hypercube. Indeed, for a given set

X = {x1, . . . , xn}
a fuzzy subset is just a mapping

µ : X → I = [0, 1],
and the value µ(x) expresses the grade of membership of
the element x ∈ X to the fuzzy subset µ. Thus, the set of
all fuzzy subsets (of X ) is precisely the unit hypercube

I n = [0, 1]n,

as any fuzzy subset µ determines a point

P ∈ I n

given by
P = (µ(x1), . . . , µ(xn)).

Reciprocally, any point A = (a1, . . . , an) ∈ I n generates
a fuzzy subset µ defined by µ(xi ) = ai , i = 1, . . . , n.

Nonfuzzy or crisp subsets of X are given by mappings

µ : X → {0, 1},
and are located at the 2n corners of the n-dimensional unit
hypercube I n. We have represented the fuzzy hypercube
I 2 in Figure 1, and I 3 in Figure 2. The n-dimensional
hypercube I n is graphically not representable for n ≥ 4.

Fuzzy logic plays an important role in medicine (Abbod
et al., 2001; Barro and Marı́n, 2002; Mahfouf et al.,
2001; Nieto and Torres, 2002; Pickert et al., 1998;
Sadegh-Zadeh, 2000; Szczepaniak et al., 2000), and in
bioinformatics (Chang and Halgamuge, 2002; Dougherty
et al., 2002; Pickert et al., 1998; Schlosshauer and
Ohlsson, 2002; Tomida et al., 2002).

Hypercubical calculus has been described in Zaus
(1999), while some biomedical applications of the fuzzy
unit hypercube are given in Helgason and Jobe (1998);
Nieto and Torres (2002) and Sadegh-Zadeh (1999).

Any codon corresponds to a corner of the 12-
dimensional unit hypercube I 12. Any element of I 12

x2

x1

(1,1)
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(0,1)
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Fig. 1. Two-dimensional hypercube I 2 with the 4 nonfuzzy subsets
(0,0), (1,0), (0,1), (1,1), and the fuzzy set (0.5,0.5).
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Fig. 2. Three-dimensional hypercube I 3 with its 23 = 8 nonfuzzy
sets. The points λ = (0.9, 0.2, 0.9), µ = (0.7, 0.8, 0.5), and ξ =
(0.8, 0.2, 0.9) represent fuzzy sets.

may be viewed as a fuzzy codon. Therefore, we consider
I 12 as the set of fuzzy polynucleotides.

For a complete genome, we consider the frequencies
of the nucleotides at the three base sites of a codon in
the coding sequence. It may be viewed as a point in the
hypercube I 12. We apply this idea to the genomes of
M. tuberculosis and E. coli to obtain their fuzzy set of
frequencies.

3 THE FUZZY SET OF POLYNUCLEOTIDES
The DNA alphabet is { T, C, A , G }, and the RNA alphabet
{ U, C, A , G }. Consider the RNA alphabet. If U, the first
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letter of this alphabet, appears, we code it as 1 0 0 0 :
• 1 since the first letter (U) is present;

• 0 since the second letter (C) does not appear;

• 0 since the third letter (A) is not present; and

• 0 since the fourth letter (G) does not appear.

Thus, C is coded as 0 1 0 0, A is coded as 0 0 1 0, and G as
0 0 0 1.

The genetic code may be considered to be 12 di-
mensional, as a triplet codon XYZ has a 3 × 4 = 12-
dimensional fuzzy code (a1, a2, . . . , a12), a point in the
12-dimensional fuzzy polynucleotide space I 12.

Any of the 64 codons of the genetic code is located at
one of the 212 = 4 096 corners of this 12-dimensional unit
hypercube I 12. For example, the codon CAU corresponds
to the amino acid histidine; its fuzzy code is then

( 0, 1, 0, 0︸ ︷︷ ︸
C

, 0, 0, 1, 0︸ ︷︷ ︸
A

, 1, 0, 0, 0︸ ︷︷ ︸
U

) ∈ I 12.

However, sufficient knowledge of the chemical structure
of a particular sequence may not be available in all
cases. We may be dealing with base sequences that are
not necessarily at a corner of the hypercube, with the
components of its fuzzy code being neither 0 nor 1. For
example,

(0.3, 0.4, 0.1, 0.2, 0, 1, 0, 0, 0, 0, 0, 1) ∈ I 12

represents a codon XCG, i.e. C in the second position, G
in the third position, and the first letter is

• U to the extent 0.3,

• C to the extent 0.4,

• A to the extent 0.1,

• G to the extent 0.2.

If the first letter would be C, we would have the codon
CCG (proline); if the first letter is U, we would have the
codon UCG (serine). If we have to select one, we would
probably choose CCG, as 0.4 > 0.3.

This is a typical situation in sequence analysis where
some information is missing. This would correspond,
for example, to emission probabilities in hidden Markov
models (Husmeier and Wright, 2001). Comparison of
sequences, however, is a fundamental task. We then
have to determine distances, differences, similarities, and
dissimilarities between chains of nucleic acid (Darcy,
2001; Fang and Roberts, 2001; Wu et al., 1997) and,
consequently, between polynucleotides.

We introduce a distance, a metric in mathematical
terminology, in the fuzzy unit hypercube I 12 to obtain the
Fuzzy Polynucleotide Space. Of course, we could analyze
sequences of any length by considering I 12 k with k being
the length of the sequence. For example, the sequence
UACUGU (tyrosine/cysteine) is a point in I 24.

Computing the frequencies of the nucleotides at the
three base sites for a complete genome sequence, we
obtain a point in the fuzzy unit hypercube I 12.

4 THE FUZZY POLYNUCLEOTIDE SPACE
Consider the 12-dimensional unit hypercube. To measure
how different two fuzzy polynucleotides are, we introduce
a distance between them. Given,

p = (p1, p2, . . . , pn), q = (q1, q2, . . . , qn) ∈ I n, n = 12,

not both equal to the empty set ∅ = (0, 0, . . . , 0), we
define the difference between p and q as

d(p, q) =
∑12

i=1 |pi − qi |
∑12

i=1 max { pi , qi } . (1)

Of course, d(∅, ∅) = 0.
The distance defined by Equation (1) is motivated by the

publications Lin (1997) and Sadegh-Zadeh (2000).
We know that d is indeed a metric (Nieto et al., 2003), as

it satisfies the properties of non-negativity, symmetry, and
the triangle inequality. Thus (I 12, d) is a metric space, and
we obtain the Fuzzy Polynucleotide Metric Space.

A few examples:

d(histidine, proline) = d(CAU, CCG) = 4

5
= 0.8,

d(histidine, serine) = d(CAU, UCG) = 1,

d(arginine, glutamine) = d(CGU, CAG) = 4

5
= 0.8,

d(histidine, arginine) = d(CAU, CGU) = 1

2
= 0.5,

d(lysine, glycine) = d(AAA, GGG) = 1.

We should note that the genetic code is degenerated, e.g.
histidine can be represented by two different codons (CAU
and CAC). We distinguish between both codons. We may
fuse, in the future, some corners of the unit hypercube.

Now, let XCG= (0.3, 0.4, 0.1, 0.2, 0, 1, 0, 0, 0, 0, 0, 1) ∈
I 12. It is evident that the codon XCG is closer to proline
than to serine as is indicated by the following distances

d(XCG, proline) = d(XCG, CCG) = 1

3
≈ 0.3333,

d(XCG, serine) = d(XCG, UCG) = 1.4

3.7
≈ 0.3784.
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The program to evaluate these distances is very simple;
it is available on request from the authors.

5 A STRIKING PROPERTY OF THE FPS
Based on our knowledge of Euclidean geometry, we say
that a point R is between two given points P and Q if

d(P, Q) = d(P, R) + d(Q, R).

In the usual Euclidean space, the set of points between
P and Q is precisely the set of points of the Euclidean
segment joining P and Q.

However, given two points of the fuzzy polynucleotide
space, we show that there is no point between them.
Indeed, let P = (0, 0, . . . , 0) = ∅, and Q ∈ I 12, Q 	= ∅.

Then, there is no point between P and Q, i.e. if R ∈ I 12

we have

d(P, Q) < d(P, R) + d(R, Q),

since d(∅, R) = 1, d(∅, R) = 1, and d(R, Q) > 0.
The point P = ∅ corresponds to the empty set

(no polynucleotide ≡ no information) which is entirely
different from any fuzzy polynucleotide, since d(∅, Q) =
1 for any Q ∈ I 12. Thus, information/life and no
information/no life are two separate entities with no
intervening or connecting element.

6 APPLICATION: DIFFERENCES BETWEEN
GENOMES

Statistical and fuzzy analysis of DNA sequences can
provide useful insight of the structures of genomes (Chen
et al., 2002; de Sousa, 1999; Nyeo et al., 2002). The
frequencies of the nucleotides at the three base sites of a
codon in the coding sequence of a genome may be viewed
as a point in I 12. We calculate those frequencies for two
bacteria.

The complete genome sequence of Mycobacterium
tuberculosis H37Rv is available at http://www.ncbi.nlm.
nih.gov. Its accession number is NC 000962. The genome
comprises 4 411 529 base pairs, contains around 4000
genes, and has a very high guanine+cytosine content (Cole
et al., 1998).

We compute the number of the nucleotides at the
three base sites of a codon in the coding sequences
of M.tuberculosis (see Table 1), and then calculate the
corresponding fractions (Table 2). We define, as usual,
the noncoding sequences as the common intersecting
regions of the noncoding sequences on both strands. For
the analysis of noncoding sequences, we consider the
sequences if they have a length of 512 base pairs or longer
(Nyeo et al., 2002). For example, at the first base we have
216 051 T of a total of 1 324 174. Thus, the fraction of T
in the first base is

2 160 510

1 324 174
= 0, 1632 = 16.32%.

Table 1. Number of nucleotides at the three base sites of a codon in the
coding sequence of Mycobacterium tuberculosis

T C A G

First base 216 051 409 011 228 244 470 868
Second base 269 638 416 457 233 472 404 607
Third base 217 803 458 256 210 892 437 223

Table 2. Fractions of nucleotides at the three base sites of a codon in the
coding sequence of Mycobacterium tuberculosis

T C A G

First base 0.1632 0.3089 0.1724 0.3556
Second base 0.2036 0.3145 0.1763 0.3056
Third base 0.1645 0.3461 0.1593 0.3302

Table 3. Number of nucleotides at the three base sites of a codon in the
coding sequence of Escherichia coli

T C A G

First base 215 406 324 793 348 972 452 813
Second base 418 197 306 729 381 930 235 128
Third base 351 502 344 638 245 774 400 070

Table 4. Fractions of nucleotides at the three base sites of a codon in the
coding sequence of Escherichia coli

T C A G

First base 0.1605 0.2420 0.2600 0.3374
Second base 0.3116 0.2286 0.2846 0.1752
Third base 0.2619 0.2568 0.1831 0.2981

We may consider these fractions as a point in the
hypercube I 12. Indeed, the point

(0.1632, 0.3089, 0.1724, 0.3556, 0.2036, 0.3145, 0.1763,

0.3056, 0.1645, 0.3461, 0.1593, 0.3302) ∈ I 12.

This is the fuzzy set of frequencies of the genome
sequence of M.tuberculosis.

The 4 639 221 base pair sequence of Escherichia coli
K-12 is presented in Blattner et al. (1997). It is also
available at http://www.ncbi.nlm.nih.gov, with accession
number NC 000913. The number and frequencies of the
nucleotides at the three base sites of a codon in the coding
sequences of E.coli are presented in Tables 3 and 4,
respectively. The fuzzy set of frequencies of the genome

590

D
ow

nloaded from
 https://academ

ic.oup.com
/bioinform

atics/article/19/5/587/239266 by guest on 13 M
arch 2024



Fuzzy polynucleotide space

of E.coli is

(0.1605, 0.2420, 0.2600, 0.3374, 0.3116, 0.2286, 0.2846,

0.1752, 0.2619, 0.2568, 0.1831, 0.2981) ∈ I 12.

Using the distance given in Equation (1), we compute
the distance between these two fuzzy sets representing
the frequencies of the nucleotides of M.tuberculosis and
E.coli:

d(M.tuberculosis, E.coli) = 0.8506

3.4253
≈ 0.2483.

7 CONCLUSIONS AND FURTHER
RESEARCH

We introduce the Fuzzy Polynucleotide Space to compare
fuzzy codons. A representative example is presented to
compare complete genomes.

This is a basic and theoretical study, but we hope that
a deeper development of our ideas will help to find some
relevant information in genomes. For example, one may
use different alphabets (the two-letters alphabet of purine–
pyrimidine, the twenty-letters alphabet of proteins,. . . .), or
one may be interested in how to weight the first two and
the last position in a codon since the last of the three codes
in a code group is wobbly (Garner et al., 1998).

The metric given by Equation (1) may have many
undiscovered yet properties. A further study of the Fuzzy
Polynucleotide Space is necessary, and then to interpret
those properties biologically.

The average composition of a sequence could be useful
to describe motifs.
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